Abstract. Sonic wave dispersion characteristics are one of the most important targets of study, particularly in estimating shear wave velocity from borehole sonic logging. We have tested dispersion characteristics using monopole and dipole sources. Theoretical dispersion curves were computed for tool-absent and tool-included models having the same physical properties but different diameters (including F520 mm, F150 mm, and F76 mm). Comparisons were made between boreholes of different sizes and between tool-absent and tool-included models. Between the tool-included and the toolabsent boreholes, a close similarity in dispersion curve shape was revealed for the monopole source, and a significant difference was shown for the dipole source. However, for the cut-off frequency, particularly in the engineering boreholes (F76 mm and F50 mm), a significant difference was observed for signals from the monopole source, but approximately the same cut-off frequencies were found with the dipole source. This indicates the need of careful choice of source frequency in monopole-source sonic logging, particularly in an engineering borehole.
Introduction
The dispersion characteristics of sonic signals have been one of the most important targets of studies in borehole sonic logs (Biot, 1952; Cheng and Toksöz, 1981; Paillet and White, 1982; Kurkjian and Chang, 1986; Rao et al., 2002; Sinha and Asvadurov, 2004) as the dispersion characteristics play a key role in sonic data acquisition and in estimating shear wave velocity from multipole sources. Dispersion properties are governed by the physical parameters of the formation and the borehole fluid. The size of the borehole and the existence of a tool within the borehole fluid are also key controlling factors in determining dispersion characteristics. Frequently in theoretical model studies, dispersion characteristics are studied under the assumption that the tool effect can be ignored, and that sonic logs rely on formation refracted arrivals and appropriate modal arrivals such as pseudo-Rayleigh, Stoneley, and flexural waves (Paillet and Cheng, 1991) . However in real acoustic logging practice, the presence of additional modes such as the tool flexural mode is expected from the introduction of a downhole tool into the borehole fluid in a formation (Rao et al., 1999) . The presence of a tool in the borehole is expected to make shear logging processing and interpretation more complex, particularly in a small borehole such as those mainly used for engineering or geotechnical purposes (hereinafter 'engineering boreholes').
When the effect of a tool is considered, it is useful to understand the characteristics of the three constituent parts: (a) a water-filled borehole in an infinite formation; (b) a tool in infinite water; (c) a tool in a water-filled borehole in an infinite formation (Hsu and Sinha, 1998) . Borehole flexural and tool flexural modes are excited in (a) and (b), respectively, and these two modes are referred to as uncoupled modes since they are present in two completely independent systems and are measured separately. The excitation in case (c) is referred to as a coupled mode, because it consists of two propagating modes coexisting in the combined tool and borehole system (Hsu and Sinha, 1998) .
In this study, dispersion curves were computed theoretically from the fluid-filled borehole in an infinite solid formation (hereinafter 'tool-absent borehole') and the borehole system with a cylindrical tool immersed in the fluid in an infinite formation (hereinafter 'tool-included borehole'). The computation of dispersion curves was carried out in the same manner as in the previous studies (Paillet and White, 1982; Hsu and Sinha, 1998; and Rao et al., 1999) , but an emphasis was placed on the comparison of dispersion properties between many different borehole sizes, while keeping other borehole parameters constant. Comparisons and analyses were made between tool-absent and tool-included borehole models with different borehole sizes, with monopole and dipole sources. The effect of a tool was simulated by the insertion of a steel rod in the centre of the borehole.
Derivation of dispersion curves for tool-absent and tool-included boreholes
According to scalar wave-motion equations (Aki and Richards, 1980) , the three displacement potentials in each cylindrical solid formation are given by are unknown amplitude coefficients. I n (x) and K n (x) denote the modified Bessel functions of the first kind and the second kind of order n, respectively. The radial compressional wave number p j and the radial shear wave number s j satisfy the relationships
respectively. Because there is no incoming wave in the outmost formation, the terms associated with the amplitude coefficients c svÀ are discarded. In the tool-included fluid-filled borehole, the layer index j is 1 for the tool, 2 for the annular inviscid fluid, and 3 for the infinite homogeneous elastic formation. So, the displacement potentials in three cylindrical layers are given by 
In the case of the tool-absent borehole model, E is reduced to 
Explicit expressions for the elements of the E matrix are presented by Zhao (2008) . For non-trivial solutions of the matrix equation, the determinant of matrix E must be set to be zero, and the roots of the resulting period equation can be tracked in the frequency range of interest. The period equation for a fluid-filled borehole with a tool is represented by f ðo; kja 1 ; a 2 ; a 3 ; b 1 ; b 3 ; r 2 =r 1 ; r 2 =r 3 ; r 1 ; r 2 Þ ¼ 0: ð7aÞ
The period equation for a fluid-filled borehole without a tool is represented by
Roots of the period equations can be tracked using the bisection method, after which the phase (V PH ) and group (V GR ) velocities can be obtained by
and
More detailed descriptions of the derivation of dispersion curves for cylindrically layered borehole models can be found in Zhao (2008) .
Borehole models
In order to simulate the tool-included borehole condition, a borehole model with a steel rod in the borehole fluid in the infinite isotropic formation was considered, as shown in Figure 1 . The symbols r 1 and r 2 denote the radii of the tool and the borehole, respectively, and a and b represent the compressional and shear velocities in the formation, respectively. Subscripts 1, 2, and 3 following the symbols a, b, and r are for the tool, the fluid and the formation, respectively. The tool-absent model can be achieved by excluding the tool parameters that have subscript 1 (that is, r 1 , a 1 , b 1 , and r 1 ). For this study, three theoretical borehole models were set up, with diameters of 76 mm, 150 mm, and 520 mm, and identical physical parameters in terms of tool, fluid, and formation. Hereinafter these will be referred to as F76 mm, F150 mm and F520 mm boreholes, respectively. The physical parameters of the tool, the fluid, and the formation for the theoretical model boreholes were determined from an experimental borehole, KLW2, which was constructed in cement concrete with a borehole diameter of 76 mm (Lee et al., 2008) . To determine the velocities in the formation, semblance analysis (Kimball and Marzetta, 1984) was applied to sonic data acquired using a measurement system consisting of a transmitter and three receivers. The semblance result ( Figure 2 ) from a monopole source centred at 20 kHz (a) reveals two dominant peak arrivals with velocities of about 3400 m/s and 2000 m/s, which correspond to compressional (P) and shear (S) velocities in the formation, respectively. Another peak arrival with a velocity near 1300 m/s, and arrival time between 800 ms and 950 ms, corresponds to the Stoneley mode (ST). The shear velocity was confirmed by the presence of only one significant flexural peak arrival (Flex) obtained from a dipole source centred at 5 kHz (b). Table 1 shows the physical model parameters for this theoretical model study, based on the compressional and shear velocities described above, and density obtained from core density measurements.
Presentation of dispersion curves

Dispersion curves from monopole source
The dispersion curves obtained from the F520 mm, F150 mm, and F76 mm boreholes using a monopole source are presented in Figures 3-5: for the tool-absent borehole (a) and the tool-included borehole (b), respectively. Both the phase (solid line) and group (dashed line) velocities of pseudo-Rayleigh (PR) and Stoneley (ST) modes are shown. Figure 3 exhibits the dispersion curves obtained from the F520 mm borehole using a monopole source. The tool-absent (Figure 3a ) and the tool-included boreholes (Figure 3b) show similar dispersion curves, in which more than six pseudoRayleigh modes were identified within the frequency range of 30 kHz. All phase velocity curves asymptotically approach formation shear velocity at low frequencies and fluid compressional velocity at high frequencies. The group velocity of pseudo-Rayleigh mode shows steeper dispersion curves with a significant Airy phase. The Stoneley mode exhibits weak dispersion throughout the frequency range of interest. Figure 4 shows the dispersion curves obtained from the F150 mm borehole using a monopole source. The dispersion curves obtained from the tool-absent borehole (Figure 4a) shows three pseudo-Rayleigh modes in the frequency range of 40 kHz. Each phase velocity curve starts at the shear velocity at cut-off frequency and is asymptotic to the fluid wave velocity at high frequencies. The pseudo-Rayleigh mode from the F150 mm borehole exhibits gentler dispersion curves compared to the curves obtained from the F520 mm borehole. The dispersion curves obtained from the tool-included borehole model (Figure 4b ) are very similar to those from the toolabsent borehole. The only difference is the slight increase of the cut-off frequency in the pseudo-Rayleigh modes, and correspondingly the 3rd pseudo-Rayleigh mode is not observed within the frequency range of interest.
The monopole-source dispersion curve obtained from the F76 mm borehole ( Figure 5 ) shows only one pseudo-Rayleigh mode in the frequency range of 40 kHz, with the phase velocity curve starting at the shear velocity at cut-off frequencies and being asymptotic to the fluid velocity at high frequencies. Both toolabsent (a) and tool-included (b) borehole models revealed similar dispersion curves. The increase of the cut-off frequency and the weakening of the rate of decrease of velocity of the pseudoRayleigh mode are shown to be the only difference. In the Stoneley mode, a significant increase of dispersion was observed in the tool-included borehole model.
Dispersion curves from dipole source
For dipole-source responses, dispersion curves are presented for the tool-absent borehole ( Figure 6 ) and the tool-included borehole (Figure 7) , and the dispersion curves for each model are shown in the order of F520 mm (a), F150 mm (b), and F76 mm boreholes (c).
The F520 mm tool-absent borehole response (Figure 6a ) exhibited eight flexural modes within the frequency range of 30 kHz. The dispersion curves obtained for F150 mm boreholes (Figure 6b ) consisted of three flexural modes in the frequency range of 40 kHz with gentler dispersion curves compared to the dispersion curves obtained from the F520 mm borehole. The F76 mm borehole shows only two flexural modes in the frequency range of interest, and a significant increase of cutoff frequency was noted; the first flexural mode at 4 kHz, and the second flexural mode at 26 kHz (Figure 6c ).
Dipole dispersion curves obtained for the tool-included borehole (Figure 7 ) reveal faster and slower flexural curves, which correspond to coupled modes (Hsu and Sinha, 1998) . Only phase velocities are presented for the borehole sizes of F520 mm (a), F150 mm (b), and F76 mm (c), and it is revealed that both the faster and slower flexural dispersion curves are complicated by the exchange of dispersion characteristics between tool flexural mode and borehole flexural mode. The faster flexural dispersion curves, asymptotic to formation shear velocity near the cut-off frequency, show a decreasing velocity following the trajectory expected from borehole flexural mode at low frequencies, and then an increase in velocity, roughly following the trajectory expected from tool flexural mode at high frequencies, particularly in small boreholes. By contrast, the slower flexural dispersion curve shows a similar dispersion to that expected for tool flexural mode at low frequencies and for borehole flexural mode at high frequencies.
Borehole size and tool effects
Dispersion curves presented in Figures 3-7 indicate a tendency for increase in cut-off frequency and decrease in the number of pseudo Rayleigh modes in the frequency range of interest with the decrease of borehole size. The tendency of the cut-off frequency to increase is shown well in Figure 8 , where the first pseudoRayleigh dispersion curves obtained from boreholes of F520 mm, F150 mm, and of F76 mm are compared. Both the tool-absent borehole (a) and the tool-included borehole (b) show the same tendency with the decrease in borehole size; (1) a gentler slope of the dispersion curve and (2) an increase in cut-off frequency.
The tendency of the cut-off frequency to increase with the decrease of borehole size is illustrated best in Figure 9 , where cutoff frequencies are plotted versus diameter of the model boreholes. To plot Figure 9 , additional computation of cut-off frequencies of the first pseudo-Rayleigh and flexural modes were made for borehole models with diameters F50 mm, F100 mm, F200 mm, F300 mm, and F400 mm.
The pseudo-Rayleigh cut-off frequency versus borehole size plot, for both the tool-absent and the tool-included models (Figure 9a) shows a clear tendency for the cut-off frequency to decrease with increase in borehole size, and each set of data was fitted by an inverse exponential function. The cut-off frequencies from the tool-included models coincide well with the cut-off frequencies from the tool-absent models for diameters greater than 150 mm, whereas significant differences in cut-off frequencies between the tool-included and the tool-absent models was identified in the boreholes of small sizes, particularly at 50 mm and 76 mm in diameter.
The tendency of cut-off frequency to increase with the decrease in borehole size was also shown in the dispersion curves obtained from dipole source (Figure 9b) , even though the frequency change is limited to less than 7 kHz within the diameter range of interest. When the comparison of cut-off frequencies is made between tool-absent and tool-included, the tool-included boreholes in general show higher cut-off frequencies than the tool-absent boreholes. Although the variation in cut-off frequencies for the flexural mode differs slightly from pseudo-Rayleigh cut-off frequencies, a fairly clean reciprocal relationship between cut-off frequency and borehole size is revealed. It is noted that cut-off frequency is exponentially proportional to the inverse of borehole radius in all cases; for the pseudo-Rayleigh mode, the flexural mode, the toolabsent model, and the tool-included model. Sinha and Asvadurov (2004) reported that the cut-off frequency of the anharmonic mode is inversely proportional to the borehole radius in the absence of any tool. A good correlation was obtained between calculated and fitted values (R 2 > 0.98). For further comparison of dipole-source dispersion characteristics between tool-absent and tool-included models and between different borehole sizes, we overlaid the dispersion curves for tool-included and tool-absent borehole models using the data obtained from boreholes of F520 mm and F76 mm diameter. Figure 10 shows two pairs of coupled modes; thinner ones from F520 mm, and thicker ones from F76 mm, which are duplicates of the faster (solid) and the slower (dotted) ones in Figure 7a and Figure 7c . The first borehole flexural modes are also overlain as dotted lines, which are duplicates of the solid lines in Figure 6a and Figure 6c . The rod flexural mode presented by Hsu and Sinha (1998) follows approximately the trajectory of the slower and the faster flexural modes in boreholes of F76 mm diameter, below and above the cross over frequency.
There is a small bias in cut-off frequencies between the first flexural mode from the tool-absent borehole and the faster flexural mode from the tool-included borehole, irrespective of borehole size. Velocity bias between the first borehole flexural curve and the faster flexural curve before the crossover frequency is also very small, particularly in the F520 mm borehole. In the F520 mm borehole model, the borehole flexural curve coincides precisely with the faster flexural curve and the slower flexural curve before and after the crossover, respectively. Note that the tool flexural mode and the first flexural mode interact at the region near 11 kHz in the F76 mm borehole, and 7.5 kHz in the F520 mm borehole. They exchange dispersion characteristics, and both faster and slower flexural curves were divided into two segments with the boundary of each crossover frequency. Although faster flexural curves increase again to the level of the formation shear velocity at high frequencies after the crossover frequencies, it is considered to be a coincidence due to the similarity between the formation shear and the rod flexural mode velocities.
The velocity separation between the two coupled modes is greater than the separation between two uncoupled modes at all frequencies, as was reported by Hsu and Sinha (1998) , and the velocity separation is shown to increase with the decrease in borehole size. Hsu and Sinha (1998) reported that the tool effect will be significant if the tool flexural mode dispersion is not well separated from the borehole flexural dispersion at all frequencies of interest. From this point of view, the increase of separation in velocity between the two dispersions, as well as the wider range over which the faster flexural mode is asymptotic to formation shear velocity in an engineering borehole, can be a favourable condition for determining formation shear velocity while excluding tool effects. In addition, the presence of an acoustic isolator between the transmitter and an array of receivers significantly mitigates the excitation of any such tool modes (Sinha and Asvadurov, 2004) . Consequently, it is expected that formation shear velocity determination will not be significantly disturbed by the presence of a sonic tool.
Conclusions
A series of theoretical dispersion curves were computed from three borehole models having the same physical properties, determined from an experimental borehole KLW2, but different borehole sizes of F520 mm, F150 mm, and F76 mm. Comparisons and analyses were made between boreholes of different sizes and between tool-absent and tool-included models.
Between tool-included and tool-absent boreholes, substantial similarities and significant differences were shown for monopole and dipole sources, respectively: monopole-excited pseudoRayleigh modes showed similar dispersion curves with a tendency for the number of modes to decrease and a gentler slope, irrespective of the existence of a tool, whereas dipoleexcited flexural modes exhibited a significant difference between tool-absent and tool-included boreholes. Dispersion curves obtained for the dipole source in a tool-included borehole were characterised by faster flexural and slower flexural curves. The faster and the slower flexural curves, below the crossover frequencies, are close to the uncoupled borehole and the tool flexural modes, irrespective of borehole sizes. Above the crossover frequencies, the faster and the slower flexural curves pass through a region between two trajectories expected for uncoupled tool and borehole modes. It was noted that the faster flexural curves above the crossover frequencies move closer to the uncoupled borehole flexural curves with the increase in borehole size. Correspondingly, it seems that dispersion curves above the crossover frequencies for the toolincluded boreholes follow the dispersion properties of uncoupled borehole flexural modes as borehole sizes increase.
Dispersion curves exhibited a tendency for cut-off frequency to increase with decreasing borehole size, as indicated by previous studies (Hsu and Sinha, 1998; Rao et al., 1999) . This was common to both monopole-source pseudo-Rayleigh and dipole-source flexural modes in the frequency range of interest, and for both the tool-absent and the tool-included models as well. In this study, we have confirmed that the cutoff frequency is exponentially proportional to the inverse of borehole radius, irrespective of mode type and of the existence of a tool in the borehole. Cut-off frequencies could be expressed as an exponential function of the inverse of the borehole radius with a good correlation rather than the previous general recognition of an inversely proportional relationship between cut-off frequency and borehole radius.
In this comparative study, borehole size and tool effects on the dispersion properties of sonic waves have been revealed more clearly than in previous studies, which did present the dispersion characteristics for each borehole environment well, and the result was helpful in understanding the dispersion characteristics for various borehole environments.
